A signed graph is a graph whose edges are labeled positive or negative. The sign of a cycle is the product of the signs of its edges. Zaslavsky proved in 2012 that, up to switching isomorphism, there are six different signed Petersen graphs. It is also known that, up to switching isomorphism, there are two signed K 3 's, three signed K 4 's, and seven signed K 5 's. In this paper, we prove that there are sixteen signed K 6 's upto switching ismomorphism.
Introduction
Throughout the paper we only consider simple graphs. For all the graph-theoretic terms that have not been defined but are used in the paper, see Bondy [1] . Harary [4] was the first to introduced signed graph and balance. Harary [2] used signed graphs to model social stress in small groups of people in social psychology. Subsequently, signed graphs have turned out to be valuable. The fundamental property of signed graphs is balance. A cycle is positive or negative according as the product of the signs of its edges is positive or negative. A signed graph is balanced if all its cycles are positive. The second basic property of signed graphs is switching equivalence. Switching is a way of turning one signature of a graph into another, without changing the sign of its cycles. Many properties of signed graphs are unaltered by switching, the set of unbalanced cycles is a notable example. The author in [9] described the non-isomorphic signed Petersen graph. In [6] , the author have studied the non-isomorphic signatures on Heawood graph. In this paper we determine the non-isomorphic signatures on K 6 .
Preliminaries
A signified graph is a graph G together with an assignment of + or − signs to its edges. If Σ is the set of negative edges of a graph G, then we denote the signified graph by (G, Σ). The set Σ is called the signature of (G, Σ). Signature Σ of graph G can also be viewed as a function from E(G) to {+1, −1}. A switching (resigning) of a signified graph at a vertex v is to change the sign of each edge incident to v.
We say (G, Σ 2 ) is switching equivalent or simply equivalent to (G, Σ 1 ) if it is obtained from (G, Σ 1 ) by a sequence of switchings. Equivalently, we say (G, Σ 2 ) is switching equivalent to (G, Σ 1 ) if there exist a function f from V to {+1, −1} such that Σ 2 (e) = f (u)Σ 1 (e)f (v) for each edge e = uv. Switching defines an equivalence relation on the set of all signified graphs over G (also on the set of signatures). Each such equivalence class is called a signed graph and is denoted by [G, Σ] , where (G, Σ) is any member of the class.
We say that two signified graphs (G, Σ 1 ) and (H, Σ 2 ) are isomorphic, denoted Σ 1 ∼ = Σ 2 , if there exist a graph isomorphism ψ : V (G) → V (H) which preserves the edge signs. Signified graphs (G, Σ 1 ) and (H, Σ 2 ) are called switching isomorphic if Σ 1 is isomorphic to a switching of Σ 2 . That is, there exist a signified graph (H, Σ ′ 2 ) which is equivalent to (H, Σ 2 ) such that Σ 1 ∼ = Σ ′ 2 . We use the notation Σ 1 ∼ Σ 2 to mean that Σ 1 is switching isomorphic to Σ 2 . One of the first theorems in the theory of signed graphs is that the set of unbalanced cycles uniquely determines the class of signed graphs to which a signified graph belongs. More precisely, we state the following theorem. Note that automorphism group of K 6 is S 6 , and it is vertex-transitive as well as edge-transitive. Thus it is easy to see that for any two isomorphic subgraphs of K 6 , there exist an automorphism of K 6 which maps one subgraph onto the other subgraph.
The notation Σ(e 1 , e 2 , ..., e k ) denotes a signature Σ which contains the edges e 1 , e 2 , ..., e k of a graph The distance between two edges e 1 and e 1 of a graph G, denoted by d G (e 1 , e 2 ), is the number of vertices of a shortest path connecting their end points. For example, in the complete graph K 6 of Figure 1 , for edges e 1 = u 1 u 2 and e 2 = u 3 u 4 , we have d G (e 1 , e 2 ) = 2.
Throughout this paper, a negative edge in a signed graph is drawn as dashed line, and a positive edge is drawn as solid line. In the next section, we discuss signings on K 6 .
Signings on K 6
The complete graph K 6 is shown in Figure 1 . For a signed graph [G, Σ], let the graph G Σ be such that
Theorem 4.1. Let [G, Σ] be a signed graph on n vertices and let Σ ′ be an equivalent minimal signature
2 . Resign at u to get an equivalent signature Σ 1 . It is clear that |Σ| > |Σ 1 |. We apply the same operation on Σ 1 , if G Σ1 has a As a particular case of Theorem 4.1, we get the following corollary. Corollary 4.1.1 suggests that, it is enough to find the non-isomorphic signatures on K 6 of size upto six and vertex degree is atmost two. Further, K 6 is vertex as well as edge-transitive. We use these facts to find distinct automorphic type signatures of various sizes of K 6 in the following lemmas.
We denote a signature of size zero by Σ 0 . We know that K 6 is edge-transitive, so all signatures of size one are automorphic and we denote this automorphic type signature by Σ 1 (u 1 u 2 ).
Lemma 4.1. The number of distinct automorphic type signatures of K 6 of size two is 2.
Proof. For a signature of size two in K 6 , followings are the only possibilities.
(i) Edges of the signature form a path of length two. One of such signatures is Σ 2 (u 1 u 2 , u 2 u 3 ).
(ii) Edges of the signature are at distance two. One of such signatures is Σ 3 (u 1 u 2 , u 3 u 4 ).
It is easy to see that, any other signature of K 6 of size two is either automorphic to Σ 2 or Σ 3 , and that Σ 2 is not automorphic to Σ 3 . This proves the lemma. Proof. For a signature of size three in K 6 , followings are the only possibilities.
(i) Edges of the signature form a path of length three. One of such signatures is Σ 4 (u 1 u 2 , u 2 u 3 , u 3 u 4 ).
(ii) Two edges form a path and the third edge is at distance two from that path. One of such signatures is Σ 5 (u 1 u 2 , u 2 u 3 , u 4 u 5 ).
(iii) All three edges are pairwise at distance two. One of such signatures is Σ 6 (u 1 u 2 , u 6 u 3 , u 5 u 4 ).
(iv) The three edges of the signature form a cycle. One of such signature is Σ 7 (u 1 u 2 , u 2 u 3 , u 3 u 1 ).
It is clear that any other signature of size three of K 6 is automorphic to one of Σ 4 , Σ 5 , Σ 6 , or Σ 7 . Further, these four signatures are pairwise non-automorphic. This proves the lemma. (ii) Three edges of the signature form a path and the remaining edge is at distance two from this path.
One of such signatures is Σ 9 (u 1 u 2 , u 2 u 3 , u 3 u 4 , u 5 u 6 ).
(iii) Two edges of the signature lie on a path and other two edges lie on an another path, disjoint from the first path. One of such signatures is Σ 10 (u 1 u 2 , u 6 u 1 , u 3 u 4 , u 4 u 5 ).
(iv) Three edges of the signature form a cycle and the remaining edge is at distance two from that cycle.
One of such signatures is Σ 11 (u 1 u 2 , u 2 u 3 , u 3 u 1 , u 5 u 6 ).
(v) All four edges of the signature form a cycle. One of such signatures is Σ 12 (u 1 u 2 , u 2 u 3 , u 3 u 6 , u 6 u 1 ).
It is easy to see that any other signature of size four in K 6 is automorphic to one of Σ 8 , Σ 9 , Σ 10 , Σ 11 or Σ 12 . Further, these five signatures are pairwise non-automorphic. This proves the lemma. Proof. It is easy to see that any subgraph of K 6 having five edges and having maximum degree two cannot have two disjoint paths of length 1 and 4 or 2 and 3. Therefore for a signature of size five in K 6 , followings are the only possibilities.
(i) All the edges of the signature form a path of length five. One of such signatures is
(ii) Four edges of the signature form a cycle and the remaining edge is just a path of length one and disjoint from that cycle. One of such signatures is Σ 14 (u 1 u 2 , u 2 u 3 , u 3 u 4 , u 4 u 1 , u 5 u 6 ).
(iii) Three edges of the signature form a cycle and the remaining two edges form a path of length two.
One of such signatures is Σ 15 (u 1 u 2 , u 2 u 3 , u 3 u 1 , u 4 u 6 , u 5 u 6 ). • In Σ 6 , by resigning at {u 2 , u 3 , u 4 }, we get a signature which is automorphic to Σ 17 . Thus Σ 6 is switching isomorphic to Σ 17 , that is, Σ 6 ∼ Σ 17 .
• In Σ 10 , by resigning at {u 1 , u 3 , u 5 }, we get a signature which is auotomprphic to Σ 14 . Thus Σ 10 is switching isomorphic to Σ 14 , that is, Σ 10 ∼ Σ 14 .
• In Σ 13 , by resigning at {u 2 , u 4 , u 6 }, we get a signature which is automorphic to Σ 9 . Thus Σ 9 is switching isomorphic to Σ 13 , that is, Σ 9 ∼ Σ 13 .
Thus we are left with the signatures Σ 0 , Σ 1 , Σ 2 , Σ 3 , Σ 4 , Σ 5 , Σ 6 , Σ 7 , Σ 8 , Σ 9 , Σ 10 , Σ 11 , Σ 12 , Σ 15 , Σ 16 and Σ 18 , and their corresponding signified graphs are shown in Figure 2 . Now we show that no two of these 16 signatures are switching isomorphic. Table 1 .
From Table 1 and Theorem 2.2, it is easy to see that all the signatures depicted in Figure 2 are pairwise non-isomorphic. This concludes the proof of the theorem. Figure 2: The sixteen signed K 6 .
We described the different signatures of complete graph K 6 upto switching isomorphism. In [8] , Zaslavsky introduced the concepts of signed graph colouring and signed chromatic number of signed graphs. Zaslavsky also shown that these parameters are invariant under switching. So, study of these invariants for the sixteen non-isomorphic signatures of K 6 would be interesting.
